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2,3 $[$K3$]$ , 4 [K5], 5 $[$K4$]$ , 6 $[$K6$]$ , 7
$[$K4$]$ $[$Ko$]$ , $[$UK 3$]$
2
$f$ : $[0,1]arrow[0,1]$ :











$\{h^{m}(x)\}_{m=0,1,\ldots\}}$ $h^{m}$ : $[0,1]arrow[0,1]$
15
:
$h^{m}(x)\equiv f_{k_{n\iota}}\circ f_{k_{m}-1}o\cdots\circ f_{k_{0}}(x)$ .
$h^{n\iota}$ $(x.,\overline{k^{\wedge}}\dot, f_{0}., fi)$
$\pi:[0,1]arrow\{0,1\}$
$\pi([0, \frac{1}{2}))\equiv 0$ $\pi((\frac{1}{2},1])\equiv 1$ $x\in[0,1]$ $\pi$
$h^{k}$ $a.e$ . $x$ $X_{2}$ :
$\pi((h^{1}(x), h^{1}(x), \ldots))\equiv(\pi\circ h^{0}(x), \pi oh^{1}(x), \ldots)\in X_{2}$
$(x, f_{0}, fi)$ $\overline{k}\in X_{2}$
$\pi((h^{1}(x), h^{1}(x), \ldots))\in X_{2}$ :
$\Phi(x, f_{0}, f_{1}):X_{2}arrow X_{2}$
$\Phi(x, f_{0}, f_{1})(\overline{k})\equiv\pi((h^{0}(x), h^{1}(x), \ldots))$ inter-
action map Interaction map
$x\in[0,1]$
$\Phi(x)\equiv\Phi(x, f_{0}, fi)$ :
$\{\Phi(x)^{t}(\overline{k^{\wedge}})\}_{t=0,1},\ldots\subset X_{2}$
Os-







2. $B$ - : $f_{0}$ $fi$
(1) $f_{0},$
$\ldots$ , fi $-1$ $l$ $\pi$ : $[0,1]arrow\{0,1, \ldots, l-1\}$
$\pi(\frac{i}{l}, \frac{i+1}{l})=i,$ $i=0,$ $\ldots,$ $l-1$ $X_{l}=\{(k_{0}\dot, k_{1}, \ldots),$ $k_{i}\in$
$\{0,1, \ldots l-1\}\}$ $(\{f_{i}\}_{i=0}^{l-1},\overline{k})$ , A $\in x_{\iota}$
$\{h^{n}:[0,1]arrow[0,1]\}_{n}$ $x_{0}\in[0,1]$




$f_{i}:\mathbb{R}arrow \mathbb{R},$ $i\in \mathbb{Z}$ $\pi$ : $Rarrow Z$ $\pi(i, i+1)=i$
$\Phi(x_{0})$ : $X_{\infty}arrow X_{\infty}(x_{0}\in \mathbb{R})$
$\{f_{i}:\mathbb{R}arrow \mathbb{R}\}_{i\in \mathbb{Z}},$ $x_{0}\in \mathbb{R}$
$\overline{\Phi}(x_{0}):\mathbb{R}^{\infty}arrow \mathbb{R}^{\infty}$
$(y_{0_{\dot{\prime}}}y_{1}, \ldots)\mapsto(h^{0}(x_{0})/h^{1}(x_{0})Lh^{2}(x_{0}), \ldots h^{n}(x_{0})\ldots)$
$\{h^{n}\}_{n}$ $(\{f_{i}\}_{i},\overline{k})$ $\overline{k}=(k_{0}, k_{1}, \ldots)\in X_{\infty},$ $k_{i}=\pi(y_{i})$
Lemma 2.1.
$\vec{\Phi}(x_{0})$ : $\mathbb{R}^{\infty}$ $\mapsto$ $\mathbb{R}^{\infty}$
$\downarrow\pi$ $\downarrow\pi$
$\Phi(x_{0})$ : $X_{\infty}$ $\mapsto$ $X$
Remark:
[1] $Y\subset X_{l}\subset X_{\infty}$ $\Phi(x_{0}):Yarrow Y$
$(BBSarrow C A(LV))$
[2] $f$ : $\mathbb{R}^{2}arrow \mathbb{R}$ $f_{i}(x)\equiv f(i, x),(i\in \mathbb{Z})$
$\Phi(x_{0}):X_{\infty}arrow X_{\infty}$
3
3.A : $x\in[0,1|$ (regular) $\Phi(x, fo, fi)$ :
$X_{2}\cong X_{2}$ $R(f_{0}jfi)\subset[0,1]$
$G=$ gen $\{\Phi(x, f_{0}, f_{1}):x\in R(f_{0}, f_{1})\}\subset$ Aut $X_{2}=$ Aut $T_{2}^{*}$






Theorem 3.1. $f_{0},$ $f_{1},$ $\alpha,$ $\beta$ : $[0,1]arrow[0,1]$
$0$
$\{\begin{array}{ll}0\leq f_{i}(x)<\frac{1}{2}, 0\leq x<\frac{1}{2}\frac{1}{2}<fi(x)\leq 1 \frac{1}{2}<x\leq 1\end{array}$
$\leq\alpha(x)<\frac{1}{2}$ , $\frac{1}{2}<\beta(x)\leq 1$ ,
$\frac{1}{02}<f_{0}(x)\leq 1\ eq f_{0}(x)<\frac{1}{2}$
,
$0 \leq x<\frac{1}{2,1}\frac{1}{2}<x\leq$ $\{$
$\Phi$ Autb $G$ :
$G\cong[\oplus \mathbb{Z}/2\mathbb{Z})]x\mathbb{Z}$
$G$ $\partial X_{2}$





$v_{n}^{t+1}-v_{\tau\iota}^{t}= \max(0, v_{n+1}^{t}-L_{0})-\max(O, v_{n-1}^{t+1}-L_{0})$
$\pi$ : $[0,1]arrow\{0., 1\}$ $\pi_{L}$ : $[0,1]arrow$
$\{0,1, \ldots, L-1\}$ $X_{L}=\{(a_{0}, a_{1}, \ldots)$ :
$a_{i}\in\{0,1, \ldots, L-1\}\}$
$l^{2}$ $\{f_{ij}:[0,1]arrow[0,1]\}_{i,j=0,\ldots,l-1}$
$\Phi(x)$ : $x\iotaarrow x\iota$
$([Ko])_{0}$
$\Phi(x)$
$\Phi^{t}(x)(\overline{k^{\wedge}})\equiv(k_{0}^{t}, k_{1}^{t}, k_{2}^{t}, \ldots)\in X_{l}$ $t=0,1,2,$ $\ldots$
$v_{n}^{t}$ $k_{n}^{t}$ : $v_{n}^{t}\Leftrightarrow k_{n}^{t}$
:
Theorem 3.2. $f_{i,j}$ $F(i,j)=i+ \max(O,j-L_{0})$











$f_{0},$ $fi:[0,1]arrow[0,1]$ $\Phi(x):X_{2}arrow X_{2}$
$\Phi$ : $X_{2}\cross[0,1]arrow X_{2}\cross[0,1]$
$\Phi(\overline{k}, x)=(\Phi(x)(\overline{k}), x)$
$(Y, d)$ $f$ : $Yarrow Y$
$h_{t}((Y, d), f)\in R$
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Definition 4.1. $f_{0}.,$ $f_{1}$ $\Phi$
:
$h_{t}(f, g)=h_{t}(\Phi)$ .
$f_{0},$ $fi$ $\Phi(x)$ $\Phi(x)(\overline{k})=$
$(k_{0}’, k_{1}’, \ldots)$ k( $(k_{0}, \ldots, k_{i})$
$h_{t}(\Phi(x))$
$\circ$ Lotka Volterra cell automaton $k_{i+1}$
} (
)
4. $B$ $:fi,$ $\ldots$ , $f_{a}:[0,1]arrow[0,1]$
$\pi$ : $[0.1]arrow\{1, \ldots, a\}$
$\Phi$ : $[0,1]\cross X_{a}arrow[0,1]\cross X_{a}$ , $(x,\overline{k})\mapsto(x, \Phi(x)(\overline{k}))$
$\overline{X}(f_{1}, \ldots, f_{a}):=\{(\vec{k}, \Phi(x)(\overline{k^{\wedge}}), x):x\in[0,1],\overline{k}\in X_{a}\}\subset X_{a}\cross X_{a}\cross[0,1]j$
$\overline{X}(\{f_{i}\}_{i};\overline{k})=\{(\Phi(x)(\vec{k}), x):x\in[0,1]\}\subset X_{a}\cross[0,1]$
$\overline{X}(fi, \ldots, f_{a})$ $\Phi$
$\sigma(k_{0}, k_{1}, \ldots)=(k_{1}, k_{2}, \ldots)$ $\overline{X}(fi, \ldots, f_{a})$ $\overline{\sigma}$
:








$(X_{a})_{n}= \{1_{\dot{J}}2, \ldots a\}\cross\ldots\cross\{1_{7}2, \ldots a\}=\{1,\cdot 2_{j}\ldots a\}^{n\text{ }}X_{a}^{0}=\bigcup_{n\in N}(X_{a})_{n}$
$\varphi_{0}$ : $(X_{a})_{n}arrow X_{t}^{0}$ $\varphi$ : $X_{a}arrow\ovalbox{\tt\small REJECT}$
$(k_{0}, k_{1}, \ldots)\mapsto(\varphi(k_{0}, \ldots ik_{n-1}’), \varphi(k_{n}^{\wedge}, \ldots, k_{2n-1}), \ldots)$
$\varphi$
















4. $C$ : $\varphi_{0}$ : $(X_{a})_{n}arrow x_{t}^{0\text{ }}\varphi:X_{a}arrow X_{t}$
$\varphi_{0}$ : $\varphi$






$\varphi_{0}$ : $(X_{a})_{n}arrow(X_{t})_{m}$ $\varphi$




Theorem 4.3. (1 ) $Q$ : $\overline{x}$ ”




5.A : $\mathbb{R}$ P $L$




$x \oplus_{t}yarrow\max(x,$ $y)$ , $tarrow\infty$
$\mathbb{R}_{t}$ :
$\varphi_{t}(X)=(\alpha_{1}+J1^{X)\oplus_{t}\ldots\oplus_{t}(\alpha_{m}+j_{m}x)}\sim$
$x\in \mathbb{R}^{n}$ $i\in \mathbb{Z}^{n},$ $\alpha_{l}\in \mathbb{R}$ $jx$ $tarrow\infty$
$\varphi_{\infty}(x)=\max(\alpha_{1}+j_{1}x, \ldots, \alpha_{m}+j_{m}x)$
$\varphi_{\infty}$ PL
Logt : $(C^{*})^{n}arrow \mathbb{R}^{n}$ $(z_{1}, z_{2}, \ldots z_{n})\mapsto\cdot(log_{t}|z_{1}|, \ldots log_{t}|z_{n}|)$
Lemma 5.1 (Litvinov-Maslov,Viro).
$F_{t}$ $\equiv log_{t}^{-1}\circ\varphi_{t^{O}}Log_{t}:\mathbb{R}_{+}^{n}arrow \mathbb{R}_{+}$






5. $B$ PL :
$f_{ij}:\mathbb{R}arrow \mathbb{R}$ , $i_{7}j\in \mathbb{Z}$ $\pi:\mathbb{R}arrow \mathbb{Z}$
$\Phi(x)$ : $X_{\infty}arrow X_{\infty}$
$f$ : $\mathbb{R}^{3}arrow \mathbb{R}$ P $L$
$f(x)= \sum_{l=1}^{m}\pm\max(\alpha_{1}^{l}+j_{1}^{l}x, \ldots, \alpha_{s}^{l}+l_{s}x)=f_{+}-f_{-}$
$( \max,+)$
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$f$ : $\mathbb{R}^{n}arrow \mathbb{R}$
$n=3$
$f$ : $\mathbb{R}^{3}arrow \mathbb{R}$ $(x)=f(i,$ $j,$ $x)$ , $x\in \mathbb{R}$
deterministic
$(f_{+})(kk, k_{i}’)=k_{i+1}’+(f_{-})(k_{i_{i}}k_{i+1}^{\wedge}, k_{i}’)$ $( \max)+)$
$g_{\pm}:\mathbb{Z}^{4}arrow \mathbb{Z}$
$g_{+}(A_{i}^{-}, k_{i+1}, k_{i}’, k_{i+1}’)=g_{-}(k_{i}, k_{i+1}, k_{i!}’.k_{i+1}’)$
L-V $f$ : $\mathbb{R}^{3}arrow \mathbb{R}$
$y=f(x_{1}, x_{2}, x_{3})=x_{1}+ \max(L_{0}, x_{2})-\max(L_{0}, x_{3})$
$g(y \dot, x_{3})=g(x_{1}, x_{2})=\max(x_{1}+L_{0}, x_{1}+x_{2})$
$f$ : $\mathbb{R}^{3}arrow \mathbb{R}$ P $L$ $g\pm$ (max $-+$ )
$g_{\pm}^{tropical}\Leftrightarrow F_{\pm}^{t}$ :
Definition 5.1. $f$ : $\mathbb{R}^{3}arrow \mathbb{R}$
$V_{t}(g_{\pm})=\{\approx\in C^{4}:F_{+}^{t}(z)=F_{-}^{t}(z)\}\subset C^{4}$
L-V $(\approx 1rightarrow v_{n}^{t+1}, z_{2}rightarrow v_{n}^{t}, z_{3}rightarrow v_{n+1}^{t}, z_{4}rightarrow v_{n-1}^{t+1})$
$F_{t}(z,w)=t^{L_{0}}z+zw$
$V_{t}(LV)=\{(z_{1}, z_{2}, z_{3},z_{4}):F_{t}(z_{1}, z_{4})=F_{t}(z_{2}, z_{3})\}$
$f$ : $\mathbb{R}^{3}arrow \mathbb{R}$ $A$ reducible P $L$
$g\pm$ :(max $+$ )
$V_{t}(A)\equiv V_{t}(g_{\pm})\subset \mathbb{C}^{4}$























6. $B$ - :
$KdV$
$(Z., d’)$ $(X, d)$ , $\tau$ : $Xarrow X$ $\sigma_{t}$ : $Zarrow$
$Z,$ $t\in[1, \infty)$
$\varphi_{t}:(Z, \sigma_{t})arrow(X, \tau)$
(1) $d(\tau(\varphi_{t}(m)),$ $\varphi_{t}(\sigma_{t}((m)))arrow 0$ $(tarrow\infty)$ ,
(2) $d(\varphi_{t}(m),$ $(\varphi_{t}(m’))arrow 0$ $m,$ $m’\in Z$
(1) ” $\varphi_{\infty}$ : $(Z, \sigma_{\infty})arrow(X, \tau)$ :t$=\infty$ ”
$\phi_{t}:(Z, \sigma_{t})arrow(X, \tau)$
(1) $d(\tau(\phi_{t})m)),$ $\phi_{t}(\sigma)_{t}(m))arrow 0$ , $(tarrow\infty)$ ,
(2)’ $d(\phi_{t}(m), \phi_{t}(m’))arrow\infty$
$(X, d),$ $(Y, d^{\prime/})$ $\tau$ : $Xarrow X$, $\mu$ : $Yarrow Y$
$(X, \tau)$ $(Y., \mu)$ $(Z, \sigma_{t})$
$\phi_{t}$ :
$(Y, \mu)arrow^{\text{ }\phi_{t}}(Z, \sigma_{t})arrow(X, \tau)\text{ _{}\varphi_{t}}$
:
$f$ : $\mathbb{R}^{3}arrow \mathbb{R}$ $f(x_{1}.x_{2}.x_{3})=x_{2}- \max(0, x_{2}+x_{3}),$ $x_{1} \leq\max(O,$ $x_{2}+$
$x_{3})-x_{2}$ :
26






6. $C\urcorner p$ $\text{ _{}f:\mathbb{R}^{3}}arrow \mathbb{R}$:PL $\overline{\Phi}(x):\mathbb{R}^{\infty}arrow \mathbb{R}^{\infty}$
$(x_{0}, x_{1,}\ldots.)arrow(x_{0}’, x_{1}’, \ldots)$ $x_{i}’=f(x_{i}, x_{i+1}, x_{i-1}^{r})_{0}$
$F_{\pm}^{t}$ :
$\tilde{\Phi}(z)_{t}:\mathbb{C}^{\infty}arrow \mathbb{C}_{7}^{\infty}$ $(z_{0}, z_{1}, \ldots)(z_{0}’, z_{1\dot{\prime}}’\ldots)$ ,
$F_{+}^{t}(z_{i}, z_{i+i-1}1, Av’, z_{i}’)=F^{\underline{t}}(z_{i}, z_{i+i-1}1, \sim/,z_{i}’)$
$\tilde{\Phi}(z_{0})_{t}^{s}(\sim, z_{1)}\ldots)\equiv(z_{0\dot{\prime}}^{s}z_{1}^{s}, \ldots)$
$\{\overline{p}_{i}^{s}=(z_{i-1}^{s+1}, z_{i}^{s+1_{\dot{\prime}}}z_{i}^{s}, z_{i+1}^{s})\}_{s=0}^{\infty}\subset V_{t}(f)\subset \mathbb{C}^{4}$
$(\tilde{\Phi}(z_{0})_{t}, \mathbb{C}^{\infty})$ $V_{t}(f)$
$\tilde{\Phi}(z_{0})_{t}$ : $V_{t}rightarrow V_{t}$
Theorem 6.1. $Log_{t}:\mathbb{R}_{+}^{\infty}arrow \mathbb{R}^{\infty}$ $(\tilde{\Phi}(z_{0})_{t}, \mathbb{R}_{+}^{\infty})$ $(\overline{\Phi}(x), \mathbb{R}^{\infty})$










Proposition 6.2. $f$ : $\mathbb{R}^{n}arrow \mathbb{R}$ P $L$
















$f_{+}(x_{1}, \ldots,x_{4})=x_{4}+\max(0, x_{2}+x_{3})$ , $f_{-}(x_{1}, \ldots, x_{4})=x_{2}+\max(0,\cdot x_{1}+x_{4})$
$F_{+}(z_{1\}}\ldots)z_{4})=Z_{4}+z_{2^{\gamma}3^{Z}4}\wedge$ , $F_{-}(z_{1)}\ldots\}z_{4})=z_{2}+z_{1}z_{2}z_{4}$
$V_{t}(f_{\pm})=\{(z_{1}, \ldots, z_{4})|F_{+}(z_{1}, \ldots, z_{4})=F_{-}(z_{1}, \ldots, z_{4})\}$
:
$\overline{\Phi}(z_{0}):\mathbb{C}^{\infty}arrow \mathbb{C}^{\infty}$ $\tilde{\Phi}(z_{0})^{s}(\overline{z})=(z_{1}^{s}, \ldots, z_{4}^{s})$
$z_{n+1}^{s}- \approx_{n-1}^{s+1}=\frac{1}{z_{n}^{n+1}}-\frac{1}{z_{n}^{s}}$
$KdV$
Theorem 6.3 ( ). $f_{\pm}$ $\{z_{n}^{s}\}$














( ) $A$ $(X, A)$
space form probelem
$X$ $\{x, A(X), A^{2}(X), \ldots\}$
$f,$ $g$ : $[0,1]arrow[0,1]$
$\Phi(x, f, g)$ : $X_{2}arrow X_{2}$ $\pi$ : $[0,1] \backslash \frac{1}{2}arrow\{0,1\}$
$d$ : $[0,1]arrow[0,1]$
$z\in[0,1]$ $\overline{k^{\wedge}}\in X_{2}$ :
$\Phi(x, f,g)(\overline{k})=\pi((d(z), d^{2}(z), \ldots))\equiv(\pi(d(z)),\pi(d^{2}(z))’\ldots)$
marked oriented edge
$(f,x)arrow(d, z)(g,\overline{k})$
$\{f_{0}, \ldots, f_{k}\}$ $\{x_{0\}}\ldots, x_{l}\}$





$V=\{(f_{i}, x_{j}) : 0\leq i\leq k, 0\leq j\leq l\}$ (the set of vertices), (1)
$E=\{e_{i,j_{l}k} : (f_{i}, x_{h})^{(f_{j\prime}\overline{k}(i,j,x_{h}))}arrow(f_{k}, x_{v}) :\}$ (the set of edges). (2)
Definition 7.1. An interaction graph is a marked oriented graph, where the







$\Phi(\{\overline{k}(i,j,$ $x)\})=\{\overline{k}^{l}(i,j, x)\}$ , $\overline{k}’(i,j, x)\equiv\Phi(f_{i}, f_{j}, x)(\overline{k}(i,j, x))$ .
:
$\Phi_{*}(G(\{f_{i}\}_{i}^{k};\{x_{j}\}_{j}^{l};\{\vec{k}(i,j, x_{h})\}))$ $=G(\{f_{i}\}_{i}^{k};\{x_{j}\}_{j}^{l};\Phi(\{\overline{k}(i,j, x_{h})\}))$ .
:





$J_{i}$ $V$ $A$ $\{(V_{i}, J_{i})\}_{i=1}^{m}$ (stable) algebraic
Markov pa ition $i$ $s$ $i$
$A(V_{i})\subset V_{j}$
Space form problem:
$(I_{0}, I_{1}, \ldots)$ $(V, A)$
31
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